Quantum speedup of an open quantum system can be induced by the non-Markovian effect of the environment. Although an environment with a higher degree of non-Markovianity may seem like it should cause a faster speed of quantum evolution, this seemingly intuitive thinking may not always be correct. To clarify this point, we give a mechanism for controlling speedup of a single qubit that is coupled to a hierarchical photonic-crystal (PC) environment, which contains a defect single-mode cavity and a semi-infinite onedimensional (1D) waveguide. Via studying the dynamics of the qubit, we reveal that with a judicious choice of the qubit-cavity coupling strength and the memory time of the waveguide environment, a speed-up evolution can be achieved. In particular, we found that the quantum speedup is not entirely attributed to the non-Markovianity, but to the increase of the total amount of flow information. That is the intrinsic physical reason that the hierarchical environment may induce the speed-up process. Our results may open new perspectives for detecting quantum speedup in realistic environments.
Introduction
In the theory of open quantum systems, controlling evolution speed of quantum systems has recently attracted considerable attention, partially because of its domination in practical physical process and usefulness in technological applications, such as quantum computation [1] [2] , quantum optical control [3] and suppressing quantum decoherence [4] [5] . For example, in order to reach the fastest computation time, one needs to speed up the quantum evolution. On the other hand, if the quantum system is used as a quantum memory, the slowing down the noisy dynamical evolution will be desirable in order to gain longer coherence time [6] . In this connection, a lot of efforts have been made to realize controlling speedup in more general open systems. So far, many factors that can trigger quantum speedup have been found, for example, strong system-environment coupling [7] , structured environments [8] and external classical driving fields [9] .
In particular, the physical reason of quantum speedup for the above methods has been found to be the non-Markovian effect of environment, which can induce the information flowing from environment back to the system [10] - [15] . A good example of this is the situation where a qubit is coupled to a single environment with a Lorentzian spectrum [7] . In this setting, it has been found that, the non-Markovianity is able to speed up the evolution of open systems, and subsequently lead to a smaller quantum speed limit time (QSLT) bound [16] , expressed as the minimum evolution time for a quantum system to go from an initial state to a target state. The QSLT plays a fundamental role in many operational tasks [1] [17] [18] , and has close connection with quantum coherence [19] [20].
More specifically, a simple monotonic relationship between the degree of non-Markovianity and the actual evolution speed was presented in other physical models [21] . And this non-Markovian-assisted speedup feature can be infer from the behaviour of QSLT bound. In some sense, this may not seem surprising since one may intuitively reason that the evolution speed should be faster if the non-Markovianity is bigger. However, the transition from no-speedup to speedup dynamical process is still poorly understood if the environment is not formed by only a bath. So how to devise a feasible mechanism to speed up dynamical evolution of an open quantum system under multiple environments becomes extremely significant.
The purpose of this paper is to examine the relationship between the quantum speedup and the non-Markovianity in open quantum systems. To do so, we will consider a qubit (a two-level system) coupled to a hierarchical PC environment consisting of a defect single-mode cavity and a semi-infinite 1D waveguide. The qubit is only coupled to the cavity, which is in turn connected to the waveguide reservoir. The model under consideration can exhibit interesting crossover properties in the Markovian to non-Markovian transition [22] [23] . We are interested in the effect of the hierarchical environment on the evolution speed of the system. It should be point out that, in the absence of the waveguide environment, such as the case of a single qubit-cavity model, the speedup only takes place within the strong coupling regime [24] . Therefore, we carry out our study in both weak and strong qubit-cavity coupling regimes. As we shall show in this work, even in the weak coupling regime, obvious accelerating phenomenon can still occur by choosing an agreeable memory time, which can be characterized by the time taken by some information to travel from the system to the waveguide environment and back [25] . As for the mechanism of quantum speedup, some Journal of Modern Physics unexpected and nontrivial results are found. The non-Markovianity, i.e., the amount of backflow information, is only one of the reason for the quantum speedup. We illustrate that the increase of the total amount of flow information is the essential reason for the quantum speedup.
The work is organized as follows. In Section 2, we describe the system of interest. In Section 3, we construct the measure of actual speed of quantum evolution based on information geometric formalism, while in Section 4, we investigate how the hierarchical environment affects the speed of quantum evolution.
In order to clarify the mechanism for quantum speedup, we explore the interrelationship between the non-Markovianity and the quantum speedup in Section 5.
We summarize our conclusions in Section 6.
Physical Model
We consider a two-level atom (transition frequency s ω ) embedded in a planar PC platform consisting of a defect single-mode cavity and a semi-infinite 1D
waveguide (see Figure 1 ). The atom is coupled to the defect cavity while the cavity is coupled to the 1D waveguide. That is to say, the qubit is coupled to a hierarchical environment. The total Hamiltonian of the open system can be written
where † σ σ + − = and z σ are the transition and inversion operators of the atom;
) and a ( † a ) are the annihilation (creation) operators for the kth field mode and the cavity mode, respectively; k g is the coupling strength between the cavity mode and the kth waveguide field mode, which is characterized by the frequency k ω . The frequency of the cavity mode is described with c ω and Ω is the coupling strength between the atom and the cavity mode. We assume that the 1D PC waveguide along x-axis is semi-infinite, that is, the termination of the waveguide imposes a hard-wall boundary condition on the field. The waveguide with one end located at 0 x = is coupled to the defect cavity at
In experiment, the strong coupling between PC defect cavities and PC waveguides has been realized [26] . For simplicity, we assume ( )
where υ is the photon group velocity, and 0 k is the carrier wave vector with
Then the coupling strength between the cavity and the waveguide is
with the decay rate Γ of the cavity.
In the single-photon limit, the initial state is assumed to be ( )
which denotes the excited state of the atom with the cavity and the waveguide being in the vacuum state. After time 0 t > , the total state can be generally written as
where the state 1 k ( 1 d ) accounts for the waveguide field mode (cavity mode) having one excitation. By putting the above equation into the Schrödinger equation, we obtain
By formal time integration of Equation (7) and substituting it into the Equation (6), we can obtain
is the memory kernel of the waveguide reservoir. Through integrating of ( ) f t t′ − over k and replacing this into Equa- 
Measure of Dynamical Evolution Speed
The quantum speed of dynamical evolution for open quantum systems characterizes how fast a system under the environment driving can evolve. Via evaluating the speed of quantum evolution, one could use the method of differential geometry [28] . The geometric length between an initial state and its target state for open systems can be measured by using the Reimannian metric f g , and then the squared infinitesimal length between two neighboring quantum states ρ and d ρ ρ
We consider a evolved path 0
, the line element of the path can be given by
Hence, the instantaneous speed can be expressed as
and the average speed is
If the evolved state is in the form of its spectral decomposition, (1). Therefore, in the following we will focus on the Wigner-Yanase information metric.
Controllable of Quantum Speedup
In this section, we study the role of the hierarchical environment on the quantum speed of evolution. If the atomic system is initially in the state ( ) 
where ( ) According to Equations (14) and (17), we can investigate the speed of dynamical evolution in this open quantum system. It is easy to find that, for all the incoherent initial states such that 1 β = , the instantaneous speed is independent on the choice of MC functions. That is to say, the second term of Equation (14) is identically zero in this case. The speed arises only from the population of the evolved state, and thus can be seen as the classical Fisher information metric [30] . In the following, we focus on the Wigner-Yanase information metric and consider two cases: 1) the atom-cavity coupling is in the weak coupling region with Ω < Γ and 2) the atom-cavity coupling is in the strong coupling region with Ω ≥ Γ .
We first consider the situation where the atom-cavity coupling is weak. , and from 3π 2 φ = to 2π φ = ), decreasing the memory time will greatly increase the speed of quantum evolution. The changes of average speed a V with respect to Ω and φ are plotted in Figure 3 (a). We find that, in the weak coupling regime determined by the inequality Ω < Γ , increasing the atom-cavity coupling strength Ω , can speed up the quantum evolution for a given phase φ .
On the other hand, if the atom-cavity coupling is in the strong coupling regime with Ω ≥ Γ , the behavior of the evolution speed is different from the case where the coupling is weak. As shown in Figure 2 (b) and Figure 3(b) , there is not a linear relationship between the speed of quantum evolution and the coupling strength. That is to say, periodicity of distribution about speedup region in the strong coupling case can be found. Thus, in the strong atom-cavity Journal of Modern Physics coupling regime, the speed of quantum evolution can be controlled to a speedup or speed-down process.
Clearly, the evolution speed is greatly influenced by the memory time as well as the atom-cavity coupling. It should be noted that the above analysis only takes into account the situation where the memory time is shorter than the evolution time of the system, i.e., d t τ < . In this case, the presence of the mirror mainly determines the evolution speed, which can be seen from the Equation (9). The emitted light will be reflected back and thus affect the evolution speed, owing to the feedback effect of the mirror. On the other hand, if the memory time is far longer than the evolution time, the emitted light will not been reflected back when the quantum system has already decayed. As expected, the average speed has no change with varying the phase φ , as shown in Figure 2 . This is due to the fact that the light emitted in the past cannot interfere with the light emitted Journal of Modern Physics in the present [22] . In this limiting regime with 1 d t Γ
, the waveguide behaves as being infinite, hence as a fully Markovian reservoir for the cavity. Accordingly, this system is actually reduce to a qubit coupled to lossy cavity.
Mechanism of Quantum Speedup
Previous results [7] [8] show that the non-Markovian effect of the reservoir can lead to speedup of quantum evolution. In order to understand the mechanism of quantum speedup in our model, in what follows we further study the relationship between the evolution speed and the non-Markovianity.
The non-Markovian effect means that the environment would cause the information flowing from environment back to the quantum system. When considering the framework to characterize non-Markovianity proposed by Breuer, Lane and Piilo [32] , the total amount of information flowing back to the system is defined as When the atom-cavity coupling is weak, the speed that the information flowing out of the qubit is far lower than the evolution speed of the environment, so the backflow of information cannot happen, and thus the non-Markovianity converges to zero over the entire range of phase, as shown in Figure 4 (dashed line). However, in the strong coupling regime with 2 Ω = Γ , the evolution of the atom has disturbed the environment, which eventually results in the backflow of information, i.e., the non-Markovian effect. Thus we see a oscillating variation relationship between the non-Markovianity and the phase.
It is worth noting that the reason of the quantum speedup is not just due to the non-Markovian effect of the environment. By contrasting the average speed shown in Figure 2 (a) and the non-Markovianity shown in Figure 4 (dashed line), we can find that evolution speed varies depending on the value of φ in the weak atom-cavity coupling regime. Instead, the non-Markovianity remains unchanged when the coupling strength is weak. That is to say, the non-Markovianity, i.e., the backflow of information, cannot seen an essential reflection to the speedup of quantum evolution. Note that regarding to the measure of the non-Markovianity, the calculation is based on that one proposed in [32] . There are several other measures of the non-Markovianity, which is not agree with each other generally. However, it has been proven that they are equivalent for the dynamics in the form of the Equation (16) . Therefore, our conclusion is invariant with respect to the definition of the non-Markovianity.
The total amount of flow information consists of two parts: the information flowing from system to environment and the information backflow from environment to the system. Why only the backflow information will speed up the quantum evolution? What is the effect of the information flowing from system to the environment on the evolution speed?
In what follows we focus on these questions. Based on the measure of non-Markovianity, the absolute value of changing rate ( ) ( ) 1,2 , 0 t σ ρ describes the changing of information, which consists the information flowing from system to environment and the reverse flow. Thus, the total amount of flow information can be defined as Figure 5 shows the total ℵ as a function of φ for various values of memory time d t . It is interesting to find that the total ℵ exhibits the same behavior as the average speed of evolution. In detail, the decrease (increase) of total ℵ will lead to the speed-down (speed-up) process of quantum evolution. Take the case in the weak-coupling regime (Figure 5 (a) and Figure 2(a) ) as examples, when 0.01 Ω = Γ and 2 d t Γ =, we find that the changing trend of total ℵ and the a V are the same, while the value of non-Markovianity is always zero, as shown in Figure 4 (dashed line). That is to say, the change of evolution speed is due to the flow of information from system to environment in this case. As shown in Figure 6(a) , we find a small decay of atomic excited-sate population due to the information flowing out. The decaying-degree of population t P increase with decreasing the phase φ (in the region from 0 φ = to π φ = ), and thus lead to the speedup of quantum evolution. It is also confirm that the minimum speed occurs at π φ = in the weak-coupling case (see Figure 2(a) ). While in the strong-coupling case with 2 Ω = Γ and 2 d t Γ =, the backflow of information happens, which can result in the partial atomic re-excitation, as shown in Figure 6 (b). In this case, the speed of quantum evolution depends on the total amount of flow information total ℵ . This is a newly noticed phenomenon. Overall, a remarkable result we find that, the changing in the evolution speed is attribute to the flow of information, regardless of the direction in which the information flows. Our conclusion applies also to the more standard and basic case of an atom in a lossy cavity, which corresponds to the limit case with 1 d t Γ
. As shown in Figure 6 (c), t P exhibits a monotonic decay in the weak atom-cavity coupling, while the strong atom-cavity couplings can lead to the backflow of information, and thus increase the total ℵ . Accordingly, the strong atom-cavity couplings can speed up the quantum evolution (see Figure 2 (a) and Figure 2(b) ).
Conclusion
In summary, we have studied a two-level atom that is coupled to a hierarchically
